Weak instability and overshoot in the steady-state response mentioned by the discusser are interesting problems and are worthy of further consideration in step-by-step integration methods.
two dotted lines because too many vibrations in one time step make the curves unrecognizable.
These results illustrate that weak instability results because the discrete data points are not enough to describe or approach the simple harmonic wave curves; it does not depend on the stability of the step-by-step integration algorithm itself. Meanwhile, we can see that the relative errors for the three systems are the same. That is because the two coefficients α and β in Eq. (51) of the original paper are same when Δt=T is same. In general, it is better when Δt=T ¼ 1=16.
In the Discussion, overshoot in the steady-state response is another problem considered through a numerical example of forced vibration for S1, S2, and S3 without damping. When f ¼ k 0 sinωt, uð0Þ ¼ 0,uð0Þ ¼ω=ð1 − r 2 Þ andω ¼ 5, the exact solution is
Obviously, the exciting period T p ¼ 1.25664 s in this case is much greater than the natural periods of single-DOF systems, where T ¼ 0.628 s for r ¼ 0.5, T ¼ 0.0628 s for r ¼ 0.05, and T ¼ 0.00628 s for r ¼ 0.005. The value of time step Δt must be determined by the natural period T of the single-DOF system although the system's natural frequency does not appear in the solution. The numerical results for the responses of the first 20 circles of S1, S2, and S3 by the RST method and the exact solution shown in Figs. 4-6 correspond to the following parameters: (1) Δt ¼ 1 s; (2) Δt ¼ 0.1 s; (3) Δt ¼ 0.01 s; (4) Δt ¼ 1=4T; (5) Δt ¼ 1=8T; and (6) Δt ¼ 1=16T. The relative errors of the response peaks are listed in Table 2 .
It is clear from the numerical results that overshoot does not appear if the time step is determined from the perspective of a single-DOF system. Usually, it occurs at the initial stage of the transient response due to the unsuitable time step and it rapidly disappears due to vibration damping. The method to eliminate overshoot is reducing the time step. However, the reason that overshoot appeared in the steady-state response in the numerical example is still the large time step, which leads to the conclusion that the number of discrete data points is not enough to approximate the simple harmonic wave curve. It is independent of the integration algorithm.
Also taken up by the discusser are the forced vibration responses of S1, S2, and S3 with damping ξ ¼ 0.01 under the same conditions. The solution is
where
The numerical results obtained by the RST method and the exact solution are shown in Figs. 7-9, some parts of which show a bold vertical line in the middle to delineate the initial stage of the transient response on the left and the steady-state response on the right. The relative errors of the steady-state response peaks are listed in Table 3 . As shown in the figures, overshoot occurs at the initial stage of the transient responses but rapidly disappear due to the vibration damping. Accordingly, it can be confirmed that so-called weak instability and overshoot do not appear in the dynamic analysis of a single-DOF system if the integration time step Δt is determined rigorously according to the requirements and is independent of the integration algorithm itself.
Effect of Integration Time Step on Truncated High-Frequency Modes
The step-by-step integration algorithm is used widely for dynamic response analysis of multiple-DOF systems, especially for nonlinear analysis of complex multiple-DOF systems under dynamic load Table 1 . Relative errors in response peaks for S1, S2, and S3 (%) excitation. At this time, there is the problem of error in the computation of modal responses of truncated high-frequency modes and its effect on the total response of the multiple-DOF system. A truncated high-frequency mode is one whose modal frequency f c is higher than the highest frequency f h in the dynamic analysis.
When the time step Δt has been determined based on the frequency f h , it introduces an error in computation of the modal response of truncated high-frequency modes-that is, the time step Δt is greater than its modal frequency f c . It is for this reason that so-called weak instability and overshoot in the steady-state response mentioned in the Discussion arise. However, it can be confirmed that the effect of modal response inaccuracy in truncated high-frequency modes on total response of the multiple-DOF system is small for three reasons:
• When their exciting frequencies are greater than f h , highfrequency harmonic components in dynamic load are very small. This is a prerequisite for determining f h . Thus, the contributions of these components to the total response of the multiple-DOF system can be neglected even though there could be resonate for some truncated high-frequency modes.
• Another prerequisite for determining f h is that the mode participation coefficient of the truncated high-frequency mode to the external dynamic load be small. According to the results Table 2 . Relative errors in response peaks for S1, S2, and S3 (%) in the Discussion, weak instability and overshoot result when the mode frequency of the truncated high-frequency mode must be greater than 2-4 times f h . Thus, the response inaccuracy of these truncated high-frequency modes on total multiple-DOF system response is very limited.
• The Rayleigh damping matrix is usually applied in the dynamic analysis of multiple-DOF systems in the time domain. It is well known that it leads to a damping ratio for high-order modes that is greater than the exact modal damping ratio; the higher the mode order, the greater the modal damping ratio in calculation. 
